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1. Introduction. 

The idea of considering classical systems that incorporate commuting and anticom- 
muting variables to study dynamical systems dealing with bosonic and fermionic degrees of 
freedom, in particular supermechanics, has been in the air for some time now. Moreover, 
it has proved to be quite useful, not only in physics but also in mathematics. Neverthe- 
less, a careful study of the geometric foundations of supermechanics was not taken very 
seriously, or at least people did not pay the necessary attention, until quite recently [12], 
in spite of the general tendency to geometrize physics. One of the reasons for this is that 
although the general consent is that the proper setting is the theory of supermanifolds, 
there is no general agreement, for instance, as to what the velocity phase space of the 
system should be, since there are several different possibilities to generalize the concept of 
tangent bundle in the context of graded manifolds. One of the central points in [12] was the 
introduction of the tangent supermanifold, which proved to be the right arena to develop 
Lagrangian supermechanics, since it allowed an intrinsic theory. However, some of the cen- 
tral objects, although well defined, were not defined in an intrinsic way. Perhaps the main 
drawback of the tangent supermanifold is that it is not a bundle. To overcome this, we 
enlarge this tangent supermanifold by considering the tangent superbundle as introduced 
by Sanchez- Valenzuela in [18], which unfortunately is a little too big, as its dimension is 
(2m + n,2n + m) if the dimension of the starting graded manifold (the superconfiguration 
space) is (m,n), but that has the big advantage of allowing a geometric interpretation of 
a supervector field as a section of a superbundle in much the same way as in non-graded 
geometry. We shall show in this paper the convenience of getting a compromise between 
both concepts: we shall introduce the objects using the tangent superbundle approach, 
but thereafter we shall read the results in the tangent supermanifold (identified as a sub- 
supermanifold of the tangent superbundle). It will be shown how the tangent superbundle 
structure is the appropriate framework for an intrinsic definition of objects such as the 
total time derivative operator, the vertical superendomorphism, the Cartan 1-form and, 
fundamentally, the Legendre transformation, which will allow us to establish a connection 
between the Lagrangian and the Hamiltonian formalisms of supermechanics, similar to the 
one in classical mechanics. 

In the geometrical approach to classical mechanics, the infinitesimal transformations 
arising in the traditional approach are described by the flow of vector fields, which can be 
considered either as sections of the tangent bundle, or as derivations of the commutative 
algebra C°°(M) of differentiable functions. The generalization of the concept of a flow 
of a supervector field is not an easy task [16], but the corresponding idea of vector field 
translates easily to the framework of supermechanics. It was shown in [6] that in order to 
incorporate non-point transformations in velocity phase space, it is necessary to introduce 
the concept of supervector field along a map. Moreover, the use of such concept and its 
generalizations, sections of a vector bundle along a map, has proved to be very useful for 
a better understanding of many aspects of classical mechanics [7,8]. What we want to 
remark is that in the transition to the supermechanics setting these concepts are even 
more necessary because of the inconvenience of working with points in graded geometry. 
Therefore, in the process of constructing a geometrical approach to supermechanics, in- 
cluding fermionic degrees of freedom, one of the first concepts to be introduced is that of 
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section along a morphism of super manifolds. 

The organization of the paper is as follows: in Section 2 we describe the tangent 
superbundle, in particular we give a "Batchelor's description" of it, and discuss its relation 
to the tangent supermanifold as defined by Ibort and Marin in [12]; it is shown that 
supervector fields can then be seen as geometric sections of the tangent superbundle. In 
Section 3, we introduce the notion of a section along a morphism of graded manifolds, and 
represent supervector fields along a morphism as geometric sections along the morphism 
of the tangent superbundle and, as a particular example, we give an intrinsic definition 
of the total time derivative operator that was used in [4] to obtain a version of Noether's 
theorem in supermechanics, and that plays an important role in the geometry of the tangent 
superbundle, and thereby in the Lagrangian Formalism of supermechanics. 

Section 4 is devoted to the study of graded forms along a morphism of graded man- 
ifolds. Furthermore, we study the canonical graded 1-form Go on the supercotangent 
manifold, as well as the degeneracy of the graded form fio = —d@o- Finally, Section 5 
is concerned with the vertical superendomorphism, which is necessary to introduce the 
Cartan 1-form corresponding to a Lagrangian superfunction, and also with the super 
Lengendre transformation. Finally using the machinery here developed, we establish a re- 
lationship between the Lagrangian and the Hamiltonian formulations of supermechanics. 

2. The tangent superbundle and the tangent supermanifold. 

2.1. Basic notation. 

At the heart of the graded manifold theory is the idea of equiping a supervector space 
V = Vq © Vi with the structure of a graded manifold; the natural way of doing this [13,14] 
is to consider the so called affine supermanifold: 

(2.1) S(V) := (Vb,C°°(Vb) ® /\(V*)). 

Nevertheless, this has some drawbacks from the categorical point of view [19], and, in the 
context of supervector bundles, Sanchez- Valenzuela realized that it is more appropriate to 
use, instead of the affine supermanifold, what he coined [18,3] the supermanifoldification 
ofV: 

(2.2) V s := S(V®nV), 

where IT is the change of parity functor [14,15], hence (HV) = (HV) © (IIV)i, where 

(2.3) (ILV)i = V i+1 i = 0,l. 

The sheaf C°°(Vb) © /\(V*) wm De denoted by A m , n whenever dimVo = m, dimVi = n, 
and M m l n will denote the graded manifold ]R m l n = (M m ,^4 m n ). On the other hand, we 
shall always consider, on ^ m + n \ rn + n = M n )s, the following supercoordinates: if 
{ ej, r a : i = 1, . . . , m, a = 1, . . . , n } is a graded basis for IR m © MJ 1 (so |ej| = and 
\r a \ = 1) and { t l , $ a } is the corresponding dual basis, then the set { t l , 7r^ a ; $ a , nt l } gives 
a supercoordinate system in ^ m + n \ m + n _ Here tt is the natural morphism between V and 
UV. 
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2.2. The supertangent bundle. 

Our first goal is to describe the relation between the supertangent manifold as defined 
in [12,4] and the supertangent bundle introduced by Sanchez- Valenzuela in [18]. 

If M. = (M,Am) is a graded manifold of dimension (m,n), its supertangent bun- 
dle is defined via the one-to-one correspondence between equivalence classes of locally 
free sheaves of A.M~rnodules over M of rank (r, s), and equivalence classes of supervector 
bundles over M. of rank (r, s) , considered as a natural generalization of the standard defi- 
nition of vector bundles; namely, as the quadruplets { (E, Ae), n, (M, Am), Vs } such that 
IT: (E, Ae) — > (M, Am) is a submersion of graded manifolds, V is a real (r, s)-dimensional 
supervector space and every q e M lies in a coordinate neighbourhood hi C M for which 
an isomorphism ~^>u exists making the following diagram commutative: 

(7r- 1 (W),^(7r- 1 (W))) — (W,A M (W))x^ 

(2-4) n 

{U,A M (U)) . (U,A M (U)). 

In fact, the supertangent bundle is defined precisely as the supervector bundle of rank 
(m,n) = dim.M that corresponds to the sheaf of A.M~ m odules Der A. 

As the superbundle (E,Ae) is locally isomorphic to a graded manifold of the form 
(U, A(U)) x Vs, we shall take advantage of this fact to describe the local supercoordinates 
of (E, Ae)- Thus, if { q % , 9 a }, i = 1, . . . , m, a = 1, . . . , n, are local supercoordinates on 
U C M, and { P , tv^ , tvv^ }, j = 1, . . . , r, (3 = 1, . . . , s, are the local supercoordinates of 
Vs = M m + n \ m + n described previously, then {p\q % ,p\P ,p\Q a .pl^t 3 }, where 
-Pit = (Pk,Pk) is the natural projection of (ZY, A(U)) x Vg onto the k-th factor, is a set of 
local supercoordinates on (U, A(U)) x V5, hence the image of this set under the morphism 
of superalgebras tfj* will be a set of local supercoordinates for (E,Ae) on 7r _1 (W), which, 
abusing of the notation, we shall denote by { q l , , n^P, 9 a , ttw- 7 }. 

Remark 2.1. We also want to point out that the superideal X, locally generated by the 
superfunctions {tvv 3 , 7r£^ } (1 < j < r and 1 < /3 < s), defines a subsupermanifold of 
(i?, .Ae) of dimension (m + r, n + s). Similarly, the superideal X' locally generated by 
the superfunctions {f J , } defines another subsupermanifold of (E,Ae) of dimension 

(m + s,n + r). 



2.3. Simple graded manifolds. 

Next we want to describe the supertangent bundle STM := (STM, ST A) in a more 
concise way. With this in mind, we shall first make some comments on the Batchelor- 
Gawedzki structural theorem. Let 7r: E — > M be a vector bundle of rank n, and f\ E its 
exterior algebra vector bundle (i.e. the vector bundle over M whose fiber on a point q G M 
is the vector space f\E q ). The sheaf of sections F(/\E) can be considered, in the obvious 
way, as a sheaf of supercommutative superalgebras over M. Moreover, (M, T(f\E) > ) is a 
graded manifold. Indeed, if { (Uk,<j>k) } is an atlas of M such that 7r _1 (Wfc) trivialize E, 
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then we have diffeomorphisms <fik'-Uk — ► U k Q K m and ip k : 7r _1 (£4) — > £4 x M n such that 
oifj k = 7v\u k . Consider the superdomain «4 m , n (C^fc)) and let { u l k , } (i = 1, . . . , m 
and a = 1, . . . , n), be supercoordinates on it. Now, if 9 k :Uk — > 7r _1 (ZYfc) is the local section 
of f\E defined by 6^ («) = ip k (u, e a ), where { ei, . . . , e n } denotes the canonical basis of 

it is clear that the morphism & k : (^4, r( /\ 7r _1 (Wfc)) j — > «4 m , n (^fe)) defined by 
the assignments 

(2.5) 4 :=7TiO0 fc , and £fc h-> Q , 



where 7r^: lR m — > H. is the projection onto the z-th factor, is a chart, in the sense of graded 
manifolds, for (M, T{f\E)). Moreover, it is easy to check that, if tiki :=Uk[\Ui ^ the 
transition function of this graded manifold 

(2.6) $ kl : (cf>l(Ukl),A m , n (4>l(U k i))^ ► (^>k(Ukl),Am,n(<f>k(Ukl))), 

is given by the relations 

(2.7a) «4) = 4z 

(2.7b) 4>tM) = ^ik)patf, 

where cpki = <j>k ° denotes the change of coordinates in M, = i/j k o i/j^ 1 is the 
transition function of the vector bundle 7r: E — > M over £4/, and (ipkl)ap is the matrix 
associated to We refer to this kind of graded manifolds as simple graded manifolds. 

Simple graded manifolds are more than just a nice example of graded manifolds. 
Indeed, it is not hard to obtain a fiber bundle out of a graded manifold. Let { Uj } be an 
open cover of M such that on each Uj one has local charts of M., say G>j: (Uj,AM(Mj)) 
(Uj,A m! n(Uj)) and let (i = l,...,m and a = l,...,n) be supercoordinates on 

(Uj,Am jn (Uj)). If the transition morphisms are given by the relations 

(2.8a) 4>U U )) = (0i*)o(«) + (MUM &Zk +■■■ 

(2.8b) 0J fc (#) = + (v>i*)iW«) + " " " , 

then, from the cocycle relations of the 3>jfc's it follows that the matrices {^Pjk)af3 satisfy, 
on each point of <pk(Uj [\Uk f)Ui), the cocycle relations 

(2.9) <Pjk ° <Pki = <Pji- 

Thus the functions (pjk'-Uj f]Uk — > GL(n, R), defined by 0jk(o) = (vjfc(0fc(9)) ) ? gi ye 

rise to a vector bundle E — > M. Now, if we also asume that the U/s are such that 
the 7r _1 (Wj)'s trivialize i? — * M, then by our previous argument we have a local chart 

(^^(Att- 1 ^))) - (t/iA,n(^)) of (M,T(/\ £?)). Moreover, ^* o (0*)" 1 is an 

isomorphism from the superalgebra A(Uj) into the superalgebra r(/\ 7r _1 (£/,)). Thus, the 
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graded manifolds (M,Am) and (M, T(/\E)) are locally isomorphic. Surprisingly enough, 
these graded manifolds are globally isomorphic, although not in a canonical way, a fact 
known as the structural theorem of Batchelor [2] and Gawedzki [9]. 

Remark 2.2. What we want to emphasize is that, from (2.7), an explicit way to construct 
the so called structural bundle E — ■» M is to use the functions tpjk, the first term of the 
second equation of (2.8), as the transition functions of the dual bundle E* . 

2.4- The underlying manifold of the supertangent bundle. 

In order to describe the tangent superbundle STM := (STM, ST A) we shall follow 
the general construction of a supervector bundle out of a sheaf of .4.M~niodules given 
in [18] applied to the sheaf of supervector fields Der^4. Let U be an open subset of M 
such that (hi , Am (Li)) is isomorphic to a superdomain; if X = YlT=i X l d q i + Yla=i X a dd a 
is a supervector field in DeiA(U), then the map 

(2.10) g u :X^(X\---,X m ,x 1 ,---,X n ) 

defines an isomorphism between the sheaves of ^.M^niodules A(U) m ®A(U) n and Der A(U). 
Moreover, if (ZYi, Am(J^i)) and (U 2 , Am(U 2 )) are two of such superdomains then the map 
(2.11) 

gi2 = gi(Ux nii 2 ) o g - x {u x nii 2 ): A(Ui nu 2 ) m ®A(ii 1 nii 2 ) n -> A(u x nii 2 ) m © A(u x nii 2 ) n , 

which basically expresses the change of supercoordinates of the supervector field X, is an 
isomorphism of A(U\ fl W2)-modules and is explicitly given by the graded matrix 

/ 010 \ / Ai 2 ©12 \ I dql def 1 

( 2 - 12 ) 912 =i T D ) = [ojl de \ ■ 

Since g\ 2 is invertible then the matrices A\ 2 and -D12, obtained from A\ 2 and -D12, 
respectively, by projecting their entries onto C°°(UinU 2 ), are also invertible [14]; moreover, 
since the g's satisfy the cocycle condition, we also have 

(2.13) A 12 o A 23 = A 13 and D 12 o D 23 = D l3 . 

The conclusion is that the matrices 

< 2 -"> 

give rise to a smooth vector bundle r: STM — > M, which is the Whitney sum of the vector 
bundle determined by the transition functions A± 2 = -^r, which is nothing but the tangent 

aq 2 

bundle of the manifold M, and the vector bundle E — > M determined by the D's, which by 
the Remark 2.2, is isomorphic to the dual bundle of the structural bundle of M. Therefore, 
we have proved the following proposition: 
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Proposition 2.1. If E -> M is a vector bundle such that (M, ^4) ^ (M,T f\(E)), then 
the underlying manifold of tangent superbundle of M is 



(2.15) STM = TM © E* . 

□ 

2.5. The sheaf ST A. 

To complete the description of the tangent superbundle we should describe the sheaf 
ST A. This description is done in terms of the matrices (2.12) taking in consideration the 
fact that locally STM is isomorphic to (U, A(Uj) x R m + n \ m + n . Thus, if r:TM © E* -> 
M is the canonical projection, then, according to [18], ST A is constructed using the 

superdomains (V 1 (Uj ) , ST A (r" 1 (Wj ) ) ) and the superalgebra morphisms defined by the 

j=0 ^2 /3 =0 dfy 2 



relations 






(2.16a) 




= $12(9*) 


(2.16b) 




= $1 2 (0?) 


(2.16c) 




= $12(^l) 



( 2.i6d) ,<? = *»(<■) = - e fH + £ 1M' 

i=0 0=0 ^2 



9^ 



a \ 

f el + ■ ■ ■ W + (^ + 3^ 7 , eiei + ■ • 
9 / 



(2.166) <? = *««?) = E + E 

dijj 



<9^ 

(2.1M) ™; = * 12 (-i) = E^ + E|l^ 



where { , i>] , 7rC" , 6*" , (f , 7rv l j } are the supercoordinates on r 1 (Uj) described in Section 
2.2. 

Now, according to the Remark 2.2, the transition functions of the structural bundle 
E' -> STM of (STM, ST A) are obtained from (2.16); actually, they are the inverse 



transpose of the linear functions \I/i 2 : r l {Ui) fl r 1 (W 2 ) — > GL(2n + to, M) given by 
(2.17) * 12 (g,v,7rC) = 



/ V>£(<?) \_ 

^(«) 



\-2^{q)^ ^7 

Here { q, v, ir(} are local coordinates on STM. Nevertheless, by our arguments in Section 
2.3 (i.e. the Batchelor-Gawedzki theorem) we may assume that (j> l a p{q) = 0. Then, the 
following proposition follows immediately from (2.17): 

Proposition 2.2. If E -> M is a vector bundle such that (M, A) = (M, T f\(E)), then 
the structural bundle of STM is isomorphic to (TE © TM)* -> TM © £*. □ 

We point out that, using different arguments, the tangent supermanifold has also been 
studied in [17]. 

Finally, we notice that the subsupermanifold that corresponds to STM, according to 
the Remark 2.1, is nothing but the tangent supermanifold (TM,TA) introduced by Ibort 
and Marin-Solano in [12]. 

2. 6. Supervector fields as geometric sections. 

The main reason for considering the tangent superbundle {(STM, ST A), T, (M, A), Vs)}, 
and supervector bundles in general [18], is that their geometrical sections are in a one- 
to-one correspondence with the sections of the corresponding locally free sheaf of graded 
v4.-modules; in our case, with the sections of the sheaf Der A, in other words, with the 
supervector fields over M. Following [18] we will make this correspondence explicit in 
the particular case we are interested in. The central point of this correspondence is to 
notice that both, the geometric sections and the "algebraic" sections, when restricted to 

an appropriate open set, are isomorphic to M&ps(^(U , A(U)) , Vs^j the morphisms between 
the graded manifolds (U,A(U)) and Vs- First of all, we notice that 

(2.18) Der A(U) = A(U) m ® A(U) n = Msips(^(U,A(U)),Vs^. 

If X G Der A(U) is written in local coordinates as X = Y^iLiX l d q i + X]a=iX a< %«, 
then (2.18) is implemented by the maps 



(2.19) X ^ (X\ ■ ■ ■ , X™, x \ ■ ■ ■ , X n ) ^ $ 



X; 



where $x = {4>x > 4>x) e Maps ^ (U, A(U)), Vs j is the morphism described by, see [14] , the 
morphism of superalgebras 4>* x : A m +n,m+n A(U) corresponding to the assignments: 

(2 20) *' 

where Xq denote the even part of X 1 e A(U), and so on. On the other hand, if STA(U) is a 
short notation for S"ZVI(t _1 (ZY)) and F = ( f, /*) is a morphism in Maps((W, A(U)), Vs"j , 
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then T, F : (U,A(U)) — > (f _1 (W), STA(U)) will denote the section of the tangent super- 
bundle described by the morphism of superalgebras a* F : STA(U) — > A(U) defined by the 
assignments 

q* i-> q i e a ^ e a , 

(2.21) v* i-> /*(**) C° ^ /*(^ Q ), 
ttC q >-> /*(7n? a ) nv* i-> /*(7r**). 

(We remind the reader of our notation concerning supercoordinates described in subsec- 
tions 2.1 and 2.2). It is easy to check that 

(2.22) DerA(U) Maps((W,.A(W)), Vs) = T ((W, ^(W)) , (f _1 (W), ST.A(W))) , 
is implemented by the morphisms: 

(2.23) Ii — — 



where cr^: STAiU) — > ^4(W) is given by the assignments 













(2.24) 












7TC Q 




7r?/ H 





3. Supervector fields along a morphism. 

Since the information of a graded manifold is concentrated in the algebraic part, 
that is in the sheaf of superalgebras, to carry over the point constructions of the classical 
geometry in the graded context is somewhat difficult; for instance the notion of a flow of 
a supervector field is far from trivial [16,10,11]. To tackle these problems we introduced 
in [4] the notion of a supervector field along a morphism, which also turned out to be 
a useful tool to study (higher order) supermechanics [5]. Nevertheless, there they were 
defined as some kind of superderivations, and our goal now is to give to such supervector 
fields a geometric description similar to the one in non-graded geometry. It is important 
to point out that, already in the non-graded context, vector fields along a map simplify 
several constructions [6—8]. 

3.1. Definition. 

Definition 3.1. Let $ = (0, </>*): (AT, B) — > (M,A) be a morphism of graded manifolds; 
a homogeneous supervector field along $ is a morphism of sheaves over M, X:A — > <I>*£> 
such that for each open subset U of M 

(3-1) X(fg) = X(f) J>*u(9) + lfl <t>u(f) X(g), 

whenever / e A{U) is homogeneous of degree |/|. The sheaf of supervector fields along $ 
will be denoted by £($). 
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If X is a supervector field on (M,A), then 

(3.2) X := 0* oX G £($), 

is a supervector field along In particular, when $ is a regular closed imbedding [14], X 
is nothing but the restriction of the supervector field X to the graded submanifold N '. 
If Y is a supervector field on (N,B), then 

(3.3) T<f>(Y) :=Y of, 

also belongs to X($), and we say that Y is proyectable with respect to $ if there exists 
X e X(A) such that 

(3.4) T<j>(Y) = X. 

X($) is a locally free sheaf of <I>*£>-modules over M of rank (m,n) = dim.M [4]. 
Moreover, if (g l , 6> Q ) (1 < i < m, 1 < a < n), are local supercoordinates onWc A4, then 

(3.5) d^:=d qi dg a :=d 0a , 

form a local basis of £(<E>)(ZY). In particular, any X e X($)(W) can be written as 

m n 

(3.6) X = ^X^ + ^x Q ^ a , 

where X % = X(q l ) and x° = X(6* Q ) are superfunctions in £>(0 -1 (W)) (denoted, from now 
on, by B{U) for short). 

3.2. Supervector fields along a morphism as sections along a morphism. 
Geometrical sections of a super vector bundle are definded as usual: 

Definition 3.2. Let <&:(N,B) — > (M,A) be a morphism of graded manifolds and let 
{ (E, Ae), n, (M, Am), Vs } be a supervector bundle over A4; a local section of £ := 
(E, Ae) along $ over an open subset U of M is a morphism E = (a, a*): (</> _1 (W), B(U)) — > 
(7r _1 (W),.4.£:(W)), where again Ae(M) '■= Ae^ -1 ^)), satisfying the condition 

(3.7) $ w = n w o E w ; 

here the subscript W means the restriction of the morphism to the corresponding open 
graded submanifold. The set of such sections will be denoted by r$(II| w ). 

It is straightforward to check that the assignment 

(3.8) w^r^n\ w ), 

for each open set W C U, makes r$(II|^) into a sheaf of $*£>-modules. Moreover, if 
U is a trivialising neighbourhood of the supervector bundle £, then it is not hard to 
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obtain a one-to-one correspondence between r$(n|^) and Maps^(</> 1 (U), B(U)), Vgj; in 
particular, one concludes that r$(n|^) is locally free. 

Remark 3.1. In the case when the morphism $ is the projection IT of the supervector 
bundle, there is a canonical section C, to wit the identity morphism on S. It turns out 
that several relevant objects are defined using this section. 

We now turn our attention to the case when the supervector bundle is the tangent 
superbundle ST A4, in other words, to supervector fields. The correspondence between 
supervector fields along a morphism and sections along a morphism of the supervector 
bundle is carried out along the same lines as in the case of the usual supervector fields (see 
Section 2.6). Thus, one has 

(3.9) = B{U) m ®B{U) n ^Ma.-ps^((/)- 1 (U),B(U)),Vsy 

This correspondence is also implemented by (2.19), where now the superfunctions X % and 
X° are given by (3.6). On the other hand, if U is also a trivialising neighbourhood of the 
supervector bundle STA4, as before, one can check that 

(3.10) Maps((0- 1 (W),^(W)),y s ) =r*(T| w ). 

The explicit correspondence between a supervector field X e X(3>)(U) and a local section 
along $ is given by 

(3.11) X^E X , 
where a x : STA(U) — > B(U) is defined by the assignments 

(3.12) v* » XI C° - X?, 

7rC a i— > xd nvl l— *■ X{. 

3.3. The total time derivative operator. 

As in the non-graded context, the geometry of the tangent supermanifold is con- 
centrated in two objects: the vertical superendomorphism and the total time derivative 
operator. Moreover this operator, introduced in [4], turned out to be quite important in 
the Lagrangian formalism of supermechanics. In what follows, we shall use the previous 
ideas to provide an intrinsic definition of the total time derivative operator. 

Definition 3.3. The canonical section of the tangent supervector bundle (STJA,T,Ai) 
along T described in the Remark 3.1, will be called the total time derivative operator and 
will be denoted by T. 

Since T is nothing but the identity morphism, T corresponds, according to the previ- 
ous section, to the superderivation along T given, in terms of the standard supercoordinates 
of STM, by 

m n 

(3.13) t = + tto*^ + J2(c+ ^ a ) d e° ■ 
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As we shall see later on, sometimes it is convenient to work with the tangent super- 
manifold TM. Thus, if TM — > STM is the regular closed imbedding that defines TM 
and that is locally defined by the relations 

q* ^ q i e a ^ e a , 

(3.14) v l ^ v i ( a ^ C\ 

ttC" ^ 7rf* i — > 0, 

then the restriction of T to TM would be the superderivation along the restriction of T 
to TM given by 4>* o T, and its local expression would be 

m n 

(3.15) T = Y,v% + Y i ( a d 9a -, 

i=l a=l 

where now 



(3.16) dqi = (ff o r* o d q i and = f o r* o c^o. 

We shall make no distinction in the notation when we regard T as an operator either on 
STM or on TM. 



4. Graded 1— forms along a morphism of supermanifolds. 

4-1. The cotangent superbundle and the cotangent supermanifold. 

The sheaf of graded 1-forms is, by definition, the dual sheaf of DerA, and corresponds, 
according to [18], to a supervector bundle (ST*M, II, M, Vg) that will be called the cotan- 
gent superbundle of M. As one might expect, most of the ideas of the previous sections 
can be used with this sheaf of A-modulos, taking in consideration what happens in the 
non-graded context. 

Obviously Q 1 (A) = X(A)* is locally free. Moreover, if U is an open subset of M, 
and { q l , 9 a } are local supercoordinates on it, then { dq 1 , . . . , dq m , —dO 1 , . . . , — d6 n } is the 
basis of the module Q}A(U) = (DerA(U)) dual to the basis {<9 gl ,<%a } of 3C(A(U)). In 
particular, any uj e Q^AiU) can be written in a unique way, in the form 

m n 

(4.1) uj = ^w i dq 1 + ^to a dO a , 

i=l a=l 

where the superfunctions w l and u a are given by 

(4.2) w l =u(d ql ) and uj a = -u(d e ~). 

Naturally, one can described the cotangent superbundle in a similar way as we de- 
scribed the tangent superbundle in Sections 2.4 and 2.5, but, in analogy with the non- 
graded geometry, using instead the matrices (<7^g) _1 , where g a p are the transition functions 
for the tangent superbundle (2.12) and st denote the supertranspose matrix. 
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The correspondence between the sections of the cotangent superbundle ST*Ai = 
(ST*M, ST* A) and graded 1-forms is accomplished using the same ideas as in Section 
2.6. Thus, if in addition, the open subset U is a trivialising neighbourhood for ST* At, 
such that ("7r _1 (W), ST*A(U)) is also isomorphic to a superdomain, where IT = (jr, it*) is the 
natural projection of ST* M on M, and ST*A(U) is a short notation for ST*A(ir~ 1 (U)), 
then the correspondence 

(4.3) Q 1 A(l/)^r(jU 1 A(U)),(n- 1 (U),ST*A(U)) > j, 
is implemented by the morphism: 

(4.4) u .— > £ w , 

where a* : ST*A{U) — > »4(ZY) is defined by the assignments 



(4.5) p l h-> ?7° i-> ujf, 

Tir] a i— > cUq 7Tf>* | — ^i- 

where the w l and the w Q are as in (4.2) and the subindices or 1 stand for the even 
or odd components. Once more, we remind the reader of our notation concerning local 
supercoordinates of supervector bundles. 

In analogy with the tangent superbundle, the subsupermanifold T*Ai = (T*M, T*A) 
of ST* At, of dimension (2m, 2n), associated to the superideal I* locally generated by the 
superfunctions { irp 1 , irr] a } will be called the cotangent supermanifold. 

4-2. Graded forms along a morphism. 

Definition 4.1. Let <fr: (N,B) — > (M,A) be a morphism of graded manifolds; we define 
1 ($), the sheaf of graded 1-forms along $, as the sheaf of </>*£>-modules d ua i to the sheaf 
X($). In other words, 

(4.6) Q 1 ^) = £($)* = Hom(£($),0*£). 
In general, /c-superforms are defined as 

(4.7) n*(*):=/\V(<l>)), 



where the wedge product is to be understood in the sense of graded algebras. 

Since Q 1 ($) is the dual of a locally free 0*£>-modulo, is itself a locally free </>*£>- 
modulo. Moreover, if a; is a graded 1-form on At, the restriction of u> to Af is the graded 
1-form along $ defined by 

(4.8) u(X) := 0* o oj(X) VX G %{A M ). 
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If (g l , 6> Q ) are supercoordinates of M. on U, and dq l , d9 a are the restrictions of dq l and d9 a 
respectively, then 

(4.9) dq i (d^) = 8 ij , dq i (d §0 ) = O, d9 a (d^) = 0, d6 a (d §p ) = -S af3 ; 

hence {dq 1 ,— dO a } is the dual basis of {d^,dg a }. In particular, any graded 1-form u 
along $ can be written locally as 

m n 

(4.10) u = ^w i dq 1 + d§ a , 

i=l a=l 

where the superfunctions w l and u a belong to B{U), and are defined by 

(4.11) w^u^d?) and u a = -u(d §a ). 

The equivalent process to (3.3) does not work here; instead, if a; is a graded 1-form 
along then $u given by 

(4.12) 4flw(Y) := u{T<P{Y)) Vy G X(B), 

is a graded 1-form on M. As a matter of fact, it is possible to classify the graded 1-forms 
on M that come from graded 1-forms along when $ is a submersion. The result is that 
O x ($) is isomorphic to the 0*£>-modulo of $-semibasic 1-forms on M [4]. 

Naturally, this constructions, together with the last result, can be generalized to 
graded fc-forms. For instance, if u e O fc ($), then 

(4.13) 0«^(y l5 . . . , Yfc) := w(T0(y!), . . . , T<f>(Y k )). 

The important point is that these two processes can be combined to give an intrinsic 
definition of the pull back of a graded form; something that, to our knowlegde, was lacking 
in the graded context. 

Definition 4.2. Let (N, B) — > (M, A) be a morphism of graded manifolds and let ji be 
a graded /c-form on M.. The pull back of \i by $ is the graded £;-form on Af given by 

(4.14) $*0u) :=^(J5). 

If is the graded 1-form given in local supercoordinates by /x = u% dq 1 + 

ELi ^ a then 

m n 

(4.15) /* = ^ 0V) d?* + ^ 0*(//*) dfl a ; 

i=l a=l 

on the other hand, if F G X(A/") is given in local coordinates by Y = Y?j=\ Y^d v i + 
E^ =1 and (f) 1 := </>*(<f) and (p a := 4>*(9 a ) are the coordinate representation of 

$ [14], then 

(4.16) (X) =J2r(u l )YJ W + J2r(u i )T^ 



dpi 4^ drj 13 



La PlA.a 



ja y a/3 1 



which is the definition given in [13]. 

The following technical result will be needed later on. 
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Lemma 4.1. Let $ = (<f>,<f>*):(N,B) — > (M, „4) be a diffeomorphism, and fx a graded 
k-form on M., then 

(4.17) ($>(Yi, . . . , y fc )) = M^" 1 * o y o </,*,... , o r fc o </>*)) 

Proof : Since $ is a diffeomorphism any supervector field on M is projectable with respect 
to $; hence for each Yi there exists Xj e X(»4) on .M such that y o 0* = 0* o X^, and one 
has 

(4.18) ($*w)(Yi,...,Yjfc) = (0»(a5))(Yi,...,n) 

= £(>W*,...,Y fc o0*) 
= 2(fo4...,foi l ) 
= 0*(^(X 1 ,...,X fc )), 

and since Xj = </> _1 * o Y o 0* the lemma follows. □ 

4-3. The canonical graded forms on the cotangent supervector bundle. 

As expected, graded 1-forms along a morphism have their geometric counterpart. If 
3>:J\f — > M. is a morphism of graded manifolds and U C M. is an open subset such 
that (U,A(U)) is isomorphic to a superdomain and trivialize the cotanget superbundle 
IT: ST*M — »■ 7W, then the correspondence 

(4.19) Q^x^rvny, 

is carried out using similar arguments as before and is given by 

(4.20) uj i— > E w , 
where a*: ST*A(U) — »■ £>(W) is defined by the assignments 

9* ^ <W) #° ^ <t>*{0 a ), 

(4.21) p l i-> r/ Q ^ uf, 

nn 01 i— > a;g 7rp l | — > wi- 

Here u> 1 and a;" are the superfunctions defined in (4.11), and the subindices and 1 stand 
for the even and odd components, repectively. 

Once again, when $ = IT = (tv,tv*) is the canonical proyection of ST*M on M, we 
have, according to the Remark 3.1, a canonical section along IT, which, in view of (4.21), 
corresponds to the graded 1-form ©o in 1 ($) locally given by 

m n 

(4.22) 6> = J2(p l + d $ + J2^ a + 7r?7 ° ! ) 

i=l OL=l 

Definition 4.3. The graded 1-form Il-semibasic that corresponds to O £ 1 ($) will be 
denoted by 6 , and we will refer to it as the canonical Liouville 1-form on ST*M. 
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From (4.22) it follows that (see [4]) 

m n 

(4.23) 6 = + W*) W + + dQa - 



i—\ a=l 



On the other hand, if ^:T*M — > ST*M is the canonical closed imbedding of T*M 
which locally is given by 



q t ^ q i Qa ^ Qa^ 

(4.24) p l i— > p l i] a i— > 

7T?] a I— > 7Tp l I— > 0, 

then the restriction of Go to T*.M, that will also be denoted by 6o, is locally given by 

m n 

(4.25) e = Y,P l dq l + Y,V a d6 a , 

i=l a = l 

where, to be precise dq l and dd a stand for d((f)*(q 1 )) and d((j)*(9 a )) 1 respectively. 

The canonical Liouville 1-form was defined in [18] in a different way, which is equiv- 
alent to ours: 

Teorema 4.1. The canonical Liouville 1-form Go is the only U-semibasic 1-form on 
ST*M that satisfy 

(4.26) E*(O )=w VweO 1 ^), 

where T, u is the section of the cotangent superbundle corresponding to uj. 

Proof: It is enough to work on a local chart of M.. Thus, if u = YlT=i wl dq l +Yla=i ^ dO a 
on an open subset W of M, we have 

e:(6 ) = 4(§o) 

m n 

= oi (J2 + TP*) d ? + E + d9 a ) 

i=l a = l 

m n 

= 4(j>* d<? + 5>° dd a ) 

i=l a=l 
m n 

= X;«;'d((7:( ? < )) + x;w a dK(o) 

i=l a=l 
m n 

= J2w t dq i + J2 d0a = u - 

i=l a=l 

On the other hand, a general graded 1-form O on ST*M. is written locally as 

m m n n n m 

(4.28) e = A% d< i l + Yl Bi dpl Yl ° a dnr]CX + J2 Dadea+ Yl E ° dr i a +J2 Fl diipl ' 

i=l i=l a = l a = l a=l i=l 
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but, if it is n-semibasic then B l , C a , E a and F l vanish, and the previous argument fix 
the other two supercoordinates, and the uniqueness follows. □ 

Remark 4.1. Although 0q is formally equal to the canonical 1-form of the cotangent 
bundle in non-graded geometry, it turns out that the graded 2-form — d<do is degenerate; 
nevertheless, if one restricts Oo to the cotangent supermanifold T*Ai, then — d@o is a 
non-degenerate graded 2-form that will be called the canonical graded 2-form and will be 
denoted by fi - We refer to [18] for details. 



5. The super Legendre transformation. 

5.1. The vertical superendomorphism. 

As in the non-graded case, in order to define intrinsically the vertical superendomor- 
phism, we need to define vertical lifts. We shall accomplish this generalizing the ideas of 
the non-graded case (see, for instance [22]). 

Let U be an open subset of M such that (U,A(U)) is isomorphic to a superdomain. 
We associate to each superfunction / e A(U) the superfunction f v e TA{U) defined by 



= 1 ^ a=l 



where F := r*(f) £ TA(U). It turns out that, any supervector field Y on TM. is deter- 
mined by its action on the superfunctions f v : 

Lema 5.1. IfYe X(TA) satisfy 

(5.2) Y(f v ) = VfeA(U), 

then Y = on r^iU). 

Proof: If the local expression for Y is 

m m n n 

(5.3) Y = A %" + BkQ - k + Yl C1Q ^ + Dld ^ ' 

k=l k=l 7=1 7=1 

then 

,5.4) = Y(f v ) = J2 + £ A-^C + £ *g 

k,i y y k,a H k=l 

i V c 1 j i V cr c a i V m 

y,i 7, a 7=1 

Plugging / = g- 7 in (5.4), one gets S- 7 = 0; similarly, if f = 6@ it follows that .D' 3 = 0. 
On the other hand, taking / = g'g J in (5.4), one gets 

(5.5) A l v j + A j v l = 0; 
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in particular, if I = j, then A^V = 0, and therefore A> = 0. Similarly, using / = qiQP one 
gets C 13 = 0, and the lemma is proved. □ 



Definition 5.1. If X is a supervector field on Ai, its vertical lift is the supervector field 
X v on TM defined by 

(5.6) X v (f v ) = r*(X(f)) V/GA 

Similarly, if X is a supervector field along T, then we define its vertical lift by the 
relations 

(5.7) X v (f v )=X(f) VfeA(U). 

In local super coordinates, if X = Y^Li X l dqi + Yla=i X a 9§ a , then 

m n 

(5.8) X v = Y,X*d v . + J2x a d Ca . 

i=l a=l 

The situation is slightly different in the tangent superbundle STM. The natural thing 
to do is to replace f v by the superfunctions 




Eventhough a general supervector field is not determined by its action on these superfunc- 
tions (for instance, Y(f v ) = por all / G AilA) if Y = d v i — £?„.„»), one can check, using 
the same argument as before, that homegenous supervector fields are determined by its 
action on superfunctions of the form (5.9). 

Thus we define the vertical lift of an homogeneous supervector field X G X(A) as the 
supervector field X v G X(STA) that satisfies 

(5.10) X v (f v ) = r*(X(f)), VfeA. 

Moreover, if X = X + X u then we define X v := X% + X\ . 

Similarly, if X an homogeneous supervector field along the canonical projection of 
STM. onto Ai, its vertical lift is also defined by the equation (5.7), where now T denotes 
the projection of STAi, and, of course, in the general case by X v := X^ + X\ . 

We are now in a position to define, in an intrinsic way, the two objects that encodes 
all the geometric information of the tangent superbundle. 

Definition 5.2. The vertical superendomorphism is the graded tensor field of type (1, 1) 
S: X(STA) -> X(STA) defined by 

(5.11) S(Y) := Tt(Y) v . 
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The morphism of T„4-modulos S:X{TM) — »■ X(TM), defined also by 5.11, except 
for, now T denotes the restriction to TM. will also be called vertical superendomorphism. 
On the other hand, if 



(5.12) y = e + E + E 

j=l j=l a=l 

n n m 

+ + E Ead c- + Y,yd*v*, 

a=l a=l i=l 

then, using the change rule [14], 

m n m n 

(5.13) SY = J2 Y*d v > + V a d<« + E yiQ ^ + E T "^ c 



i=l 



a=l 



a=l 



In particular, it is clear that 

(5.14) ImS" = kerS" = { Y:yis vertical with respect to7o }, 

and that the matrix of S, in terms of the supercoordinates we have been using, is 



(5.15) 



S 



/0 0\ 

I 

/ 



/ 

\l 0/ 



while the corresponding matrix for the vertical superendomorphism of TAi would be 
(5.16) 



S = 



/0 0\ 

/ 



Vo o / o/ 



Definition 5.3. The Liouville supervector field A is the vertical lift of the total time 
derivative. In other words, A is the supervector field on X(STA) (or X(TA)) defined by 



(5.17) 



A = T 



v 



5.2. Graded Cartan forms. 

In analogy with ordinary Lagrangian mechanics, the Cartan graded 1-form associated 
to a given Lagrangian superfunction / in ST A is defined by 

(5.18) e L :=dLoS. 
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Using (5.13) it is easy to check that in local supercoordinates 

The cartan graded 2-form is defined as the exact graded 2-form 
(5.20) tt L = -dO L , 

hence in local supercoordinates is written as 



d6 a . 



+ 
+ 



dq i dv^> 
d 2 L 



(5.21) 



+ 
+ 
+ 



dv l dvi 
d 2 L 



-(-l)l^ 



dq l d7iv J 

d 2 L 



(_l)l*l 



dv l dnv J 
d 2 L 



dq 1 A dq 3 
dv l A dq 3 
j^dirC Adq 3 



d 2 L d 2 L 



+ 



d( a dv3 d( a dnvi 



dC A dq 3 
J cfaV A dq 3 



dTcv l dv J dwv l divv J ) 
d 2 L , _ lrl «9 2 L 



s^-(- 1 ) |L, ^)* <A ^ 



(-1) ILI 



<9 2 L 



+ 



<9 2 L 



de a dncp oe a dc f3 



(-D 1 



a 2 L 



d 2 L 



(-1) |L| 



<9 2 L 



+ 



d 2 L 



Therefore, the matrix associated to Ql is of the form 



d8 a A d9 p 



dC A dO 13 



dirv 1 A d9 p . 



(5.22) 



( A \ 


^2 


As 


Bi 


S 2 


s 3 \ 










S 4 








At 
^3 








S 5 








Ci 


c 4 


c 5 




£>2 




c 2 
















V c 3 













/ 
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where C; = — (— ly^Bj; in particular, Ql will be degenerate for every superfunction 

L e STM. 

5.3. The super-Leg endre transformation. 

If Y is a vertical supervector field with respect to T (i.e. For* = 0) then @l(Y) = 0, 
and therefore ©l is a T-semibasic graded 1-form, and since T is a submersion, it has 
associated a unique graded 1-form ©^ along T [4]. In terms of the basis { dq l , dQ a }, ©l 
has the same coordinates as ©^ corresponding to the elements { dq 1 , d9 a } (which is not a 
full basis of Q 1 A(U)), hence 

In analogy with non-graded geometry, see [7], the section J-'C: STM — > ST*M along 
T that corresponds to the graded 1-form ©^ could be considered as the Legendre trans- 
formation, but in view of the degeneracy of Ol for every L e STM, we shall restrict our 
attention to the case when the super-Lagrangian L e T.M C STM, (i.e. when L does not 
depend on the variables nv l or 7r# a ) and consider the restriction of T L to TM. 

Definition 5.4. If L is a super-Lagrangian in TM, the super-Legendre transformation 
associated to L is the restriction of the map TL to TM. We shall denote the super 
Legendre transformation by FL. Hence 

(5.24) FL: TM — ► ST*M. 

When L e TM the matrix of reduces to 



(5.25) L = 



-A 2 B A 
Ci C 4 Di D 2 



\ C 2 D| / 

and to analyze its degeneracy it is necessary to consider the parity of L. If L is even then 
is non-degenerate if, and only if, the matrices A 2 and D 2 are invertible; in other words, 
exactly when 

d 2 L d 2 L 
(5.26) - — . and 0> 0> „ are invertible. 

We also notice that if \L\ = then FL takes values in T*M. In fact, locally FL = 
(fl, fl*) is determined by the morphism of superalgebras fl*: T*A(U) — > TA{U) described 
by the relations: 

(5-27) i aL I v g£ 
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which, by the inverse function theorem [14], will be a local diffeomorphism when the 
Jacobian is invertible, and this happens exactly when (5.26) holds. 

On the other hand, if L is odd, Ql is non-degenerate if, and only if, the off diagonal 
terms are non-degenerate. This implies that m = n and that B2 is invertible. In other 
words, that 

d 2 L 

(5.28) n _ - . is invertible. 

Unlike the even case, the super-Legendre transformation does not take values in T*AA, 
but on the subsupermanifold of ST* M. of dimension (m + n,n + m) obtained by imposing 
the conditions 

(5.29) p i = 1 < i < m and r) a = 1 < a < n. 
Moreover, locally FL is given by the assignments 

nevertheless, when m = n, again by the inverse function theorem, FL is a local diffeomor- 
phism exactly when (5.28) holds. We have, therefore, proved the following 

Proposition 5.1. The super-Legendre transformation FL is a local diffeomorphism if, 
and only if, the graded form O l is non-degenerate. In either case, we say that the super 
Lagrangian L is regular. 

The super-Legendre transformation has the same properties as the usual Legendre 
transformation [1]. 

Proposition 5.2. Let L be a super-Lagrangian in ST A, then jF£*(Go) = ®l- Moreover, 
when L G TA and one restricts and Go to the appropriate subsupermanifolds (for 
instance to TM and T*M respectively, when \L\ = 0) then also FL*(6 ) = ®l- 

Proof: This is immediate from the local coordinate expressions. Let us simply remind 
the reader that, for instance, when \L\ = then T L = (fl,fl*) is the morphism of 
supermanifolds associated to the morphism of superalgebras fl*:ST*A(U) — > STA{U) 
given by 

q i ^ q i 0a ,_, go s 

(5.31) f - J£ V a - 

□ 

When L is a regular super-Lagrangian there exists a unique supervector field in 
X(M) such that 

(5.32) i TL n L = dE L , 

where the superenergy is defined by El := AL — L and A is the Liouville supervector field. 
Moreover, is a super Second Order Differential Equation, see [12] for details. 
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Proposition 5.3. Let L be a super-Lagrangian in TA such that FL is a diffeomorphism 
(in such case we say L is hyperregular) . Then V = (FL -1 )* 0^0 FL* is a Hamiltonian 
supervector held with Hamiltonian H := (FL -1 )* El. Reciprocally, if H is the super- 
function H := (FL -1 )* El, then the Hamiltonian supervector Geld V associated to L is 
FL-related toT L . 

Proof: Let X be a supervector field on T*Ai. Since FL is a diffeomorphism there exists 
Y E X(TA) such that X = (FL -1 )* 0Y0 FL*. Using Lemma 3.1 twice we have 

(5.33) i v n (X)=n (V,X) = (FL- 1 )*[FL*(n )(T L ,Y)} 

= (FL- 1 )*[ lrL n L (Y)} 

= [d(FL- 1 )*(E L )](X)=dH(X), 

and the first assertion follows. 

As for the second statement, we consider Z = (FL -1 )* 0^0 FL*; then the previ- 
ous argument gives that iz^o = dH, and since fio is non-degenerate, Z = V, and the 
proposition is proved. □ 

Moreover, since is a super SODE then ir L ®L = A(L) =: A, and the same argument 
gives us 0o(V) = (FL -1 )*A when L is hyperregular. The correspondence between the 
Lagrangian and Hamiltonian formulations in supermechanics is clear. 
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